Introduction
The frequency domain analysis is one of the fundamental methods for specifying of dynamic system properties. A system frequency characteristic determines the response of the system excited by a sine wave whose frequency changes in a specified range. In the case of an induction motor (IM), the inductance frequency characteristic, which is determined through measurement [1] , [2] or derived from an electromagnetic field analysis carried out using analytical [3] or numerical methods [4] , can be considered as motor spectral transmittance of some kind. Therefore an IM operation analysis, realized with the use of a mathematical model based on that characteristic, can be carried out at varying supply voltage parameters as well as at fastchanging electromechanical transients. The IM inductance frequency characteristic is well approximated by a machine secondary multi-loop equivalent circuit (SML-EC) with constant lumped parameters [2] - [5] .
Taking the above arguments into account, it is advisable to use the IM inductance frequency characteristic or the machine SML-EC in algorithms reconstructing motor electromechanical state variables [6] , [7] -e.g. angular velocity, rotor flux space vector -constituting the integral element of a sensorless AC motor drive [8] - [17] .
IM inductance frequency characteristic
A frequency characteristic of the IM inductance associated with the magnetic flux in the motor air gap can be used for an estimation of machine SML-EC constant lumped parameters as well as in a reconstruction process of IM angular velocity and rotor flux space vector. In the presented approach, the characteristic is determined on the basis of instantaneous values of motor angular velocity and stator voltages and currents measured in the considered range of motor slip changes. The instantaneous values of stator voltages and currents, after conversion to the voltage U 1 (ω 1 ) and current I 1 (ω 1 ,s) space vectors, respectively (expressed in the reference frame rotating at an arbitrary speed ω x ), are used for the IM impedance slip characteristic Z 1 (ω 1 ,s) determination. The impedance Z 1 (ω 1 ,s) can be described as a series connection of the stator phase winding resistance R 1 and the IM reactance jω 1 L 1 (ω 1 ,s):
where: ω 1 -stator supply angular frequency, ω 1 = 2πf 1 , f 1 -stator supply frequency, s -motor slip, L 1σ -stator leakage inductance related to the winding overhang, stator slots and tooth-tops, L 1 (ω 1 ,s) -inductance associated with the magnetic flux in the motor air gap, j -imaginary unit, j 2 =-1. The reactance jω 1 L 1 (ω 1 ,s) in the equation (1) can be represented in the form of a parallel connection of the magnetizing reactance jω 1 L μ and the rotor impedance
where: ω 2 -rotor current angular frequency, ω 2 =2πf 2 and ω 2 =ω 1 s, f 2 -rotor current frequency.
With the maintenance of the magnetic flux constancy, and in consequence the constancy of machine magnetic circuit parameters, the magnetizing inductance L μ is constant and independent of stator supply voltage frequencies f 1 , which leads to the notation of the equation (1) in the following form:
The representation of the rotor impedance Z 2  (ω 2 ) occurring in the equation (3) by a sequence of parallelconnected two-terminals composed of R (4) leads to an approximation of the actual IM inductance L 1δ (ω 2 ) frequency characteristic by means of the machine SML-EC (Fig. 1) [2]- [5] . In this way, the approximate representation of a machine with distributed parameters by an equivalent circuit with lumped parameters is achieved. The number N 0 of parallel connected R
twoterminals of an approximated SML-EC results from required accuracy of the actual inductance frequency characteristic representation by the equivalent circuit in the considered frequency range [5] . Stator phase winding parameters R 1 , L 1 are determined analytically or through measurement. The parameters R
and L µ are subjected to an estimation process, which can be conveniently carried out using evolutionary algorithms. The analysis has been conducted for the four-pole induction motor of Sg 132S-4 type with a solid rotor manufactured from the magnetic material S235JR, that is, for a machine characterized by a significant skin effect occurring in the rotor solid conductive structure. The investigated IM rated parameters and the considered rotor dimensions are listed in the table 1. During the experiment, the measurement of instantaneous values of rotor speed and stator voltages and currents has been carried out at the motor slip changing in the range of s=(0÷1) and at the specified frequency of stator supply voltages. Moreover, the measurement of instantaneous values of the investigated IM electromechanical quantities has been performed at the reduced supply voltage in relation to the motor rated voltage to keep the IM operating point on the linear region of the motor magnetisation characteristics. Consequently, the impact of magnetic saturation on machine magnetic circuit parameters has been eliminated and therefore not taken into account in the analysis.
In the next stage, according to the presented methodology, the inductance frequency characteristic L 1δ (ω 2 ) of the tested IM has been determined (Fig. 2) . The estimation of electromagnetic parameters R
of machine SML-EC particular two-terminals has been performed in line with the procedure described in [5] by means of the genetic algorithm in the Matlab-Simulink environment [18] , while the magnetizing inductance has been determined in pursuance of the following relationship L µ =L 1δ (ω 2 =0). A strong convergence between the investigated IM inductance L 1δ (ω 2 ) frequency characteristic calculated with the use of the machine SML-EC and the one determined on the basis of conducted measurement can be observed (Fig.  2) . As demonstrated in [7] , the characteristic unequivocally reproduces, in the motor considered operating range, the rotor electromagnetic parameters' variability resulting from the skin effect occurring in rotor conductive elements, at any frequency of stator supply voltages. In view of the above, the mathematical model basing on the machine SML-EC has been used in electrodynamic state simulations of the tested IM variable-frequency speed control system. Based on specified IM state variables derived from these simulations, the operation reliability and accuracy of the proposed IM angular velocity and rotor flux space vector estimation algorithms have been verified.
Estimation of IM angular velocity and rotor flux space vector
In the study, simulations of selected operating conditions of the investigated IM variable-frequency drive with scalar control have been performed. The mathematical 
model of the IM speed control system has been constructed with the assumption that the motor velocity measurement is available. It has also been established, that the mathematical model of an IM state variable estimator is supplied by signals derived from the scalar-controlled IM drive simulation model and operates in an open-loop system. Hence state variables being determined during an estimation process have not been used in the IM variablefrequency speed control system. The investigated IM angular velocity and rotor flux space vector have been subjected to the estimation process. The waveforms of these state variables have been determined, with the use of the scalar-controlled IM drive simulation model with the machine SML-EC, at predefined angular velocity changes (0.05ω N →ω N →0.5ω N →0.05ω N , ω N -rated angular velocity) and a constant load torque equal to the tested IM rated torque. Evaluation of operation accuracy of the considered state variables' estimators has been made on the basis of the instantaneous relative errors (5) between the values of specified motor state variables derived from the scalar-controlled IM drive simulation model and the values of corresponding state variables determined through an estimation process. In addition, the root mean squared errors (6) of the examined state variables' reconstruction have been calculated in the strictly defined time intervals resulting from the considered electromechanical transients. e -instantaneous values of a specified state variable determined from the scalar-controlled IM drive simulation model with the machine SML-EC and an estimated one, respectively.
For the purposes of comparison, the waveforms of the investigated IM angular velocity and rotor flux space vector magnitude obtained by the estimation process and also the instantaneous relative errors of these state variables' reconstruction curried out by means of the classical MRAStype estimator [8] have been presented. In the estimator mathematical model, a three-level hysteresis regulator has been used.
Mathematical model of the classical MRAS-type estimator
In the classical MRAS-type estimator presented in [8] , two independent simulators of the rotor flux space vector Ψ • 2 (7) and (8) (expressed in the stationary reference frame ω x =0) are used. Since the quantity ω r is not involved in the equation (7), this simulator is regarded as a reference model of the rotor flux space vector Ψ • 2 , whereas the simulator (8), which does involve the rotor angular velocity, is regarded as an adjustable model. The output signals of the two models are compared with each other and an error between their states is supplied to the input of a suitable adaptation mechanism, which generates the angular velocity estimate ω r e for the adjustable model (8) in accordance with the block diagram presented in figure 3 [8] .
• 2 -rotor phase winding resistance, superscript e refers to estimated state variables.
The mathematical model of the classical MRAS-type estimator is based on the IM T-type equivalent circuit (T-EC) with constant parameters. In figure 2 , the inductance L 1δ (ω 2 ) frequency characteristic calculated by means of the mathematical model founded on the machine T-EC with constant parameters has also been presented. The equivalent circuit parameters have been determined on the basis of instantaneous values of stator voltages and currents measured during the standard no-load and shortcircuit tests. The machine mathematical model of this type does not represent correctly the actual inductance L 1δ (ω 2 ) frequency characteristic of the tested IM, thereby the variability of rotor electromagnetic parameters resulting from the skin effect occurring in the rotor solid conductive structure. Therefore, the application of a mathematical model basing on the machine T-EC with constant parameters in a state variables' estimation process of IMs with cage or solid rotors introduces greater reconstruction errors, a more intense skin effect occurs in rotor conductive elements. Fig. 3 . The block diagram of the classical MRAS-type estimator [8] In figures 4 and 5, the waveforms of the tested IM angular velocity ω m and rotor flux space vector magnitude calculated by means of the scalar-controlled IM drive simulation model with the machine SML-EC are put together with the appropriate waveforms of these quantities, reconstructed with the use of the classical MRAS-type estimator. The motor state variables presented in the aforementioned and the subsequent figures are expressed in the per unit (pu) system. The base quantities are listed in the table 2 [17] . 
The instantaneous relative errors of the IM angular velocity Δω and rotor flux space vector magnitude ΔΨ estimation, determined according to the equation (5), can be observed in figure 6 . In figure 7 , the waveforms of the α -and β -axis components of the rotor flux space vector derived from the simulation model of the tested IM variablefrequency drive and the waveforms of this vector components estimated by means of the classical MRAStype estimator have been presented for the selected time interval. Algorithmic methods for an IM electromechanical state variables' estimation, which use mathematical models basing on the machine T-EC with constant parameters, are characterized by a certain sensitivity to the variability of motor electromagnetic parameters or their incorrect identification. In the case of the classical MRAS-type estimator, this sensitivity appears mostly in the low-speed range (5 percent of the tested IM rated velocity), then the instantaneous relative errors of considered state variables' reconstruction are the highest.
The literature proposes a number of MRAS-type estimator modifications [9] - [14] , the use of which makes it possible to reduce the estimation process sensitivity to the variability or the incorrect identification of motor electromagnetic parameters, which in turn increases the reliability and accuracy of estimator operation. The neutralization of the influence of rotor electromagnetic parameters' variability on the quality of an IM state variables' estimation process is also obtained by simultaneous reconstruction of these parameters' variability [15] - [16] . 
Mathematical models of the estimators based on the machine inductance frequency characteristic
The operation of the proposed algorithm for an IM angular velocity estimation is based on determining instantaneous values of the motor inductance L 1δ (ω 2 ,t), which are subsequently compared with the selected reference frequency characteristic of the IM inductance L 1δ (ω 2 ) (Fig. 2a or Fig. 2b ) in order to estimate the frequency f 2 of currents induced in rotor conductive elements.
Examining the IM inductance variation as a function of the rotor current frequency (Fig. 2) , it is worth noting that both the components of the characteristic L 1δ (ω 2 ), i.e. modulus and argument, are monotonic in the considered frequency range. Thus, the specified value of the inductance L 1δ (ω 2 ) modulus or argument corresponds to the specified frequency of currents induced in rotor conductive elements. Taking into account the above property of the analysed IM inductance frequency characteristic, a motor angular velocity estimation process can be carried out based on the selected component of the inductance L 1δ (ω 2 ).
The stator inductance L 1δ (ω 2 ,t) instantaneous values are determined according to the relationship (3) with the use of electrical waveforms obtained from the scalar-controlled IM drive simulation model with the machine SML-EC. Basing on the knowledge of estimated rotor current frequencies f 2 and these of stator supply voltages f 1 , the motor angular velocity is reconstructed according to the following equation [7] :
The estimated rotor current frequency f 2 together with the mathematical model resulting from the machine steadystate SML-EC can be used to estimate the rotor flux space vector Ψ
•e 2 in pursuance of the following formulas:
The waveforms of the investigated IM angular velocity and rotor flux space vector magnitude derived from the scalar-controlled IM drive simulation model with the machine SML-EC and the corresponding waveforms of these quantities estimated in line with the above described methodology have been shown in figures 8 and 9. The instantaneous relative errors of these state variables' reconstruction can be seen in figure 10 . In figure 11 , the waveforms of the α -and β -axis components of the rotor flux space vector obtained as a result of the conducted simulations of the tested IM variable-frequency drive operation and the waveforms of this vector components estimated by means of the proposed algorithms have been presented for the same time interval as in figure 7 .
The root mean squared errors of the IM angular velocity σ ω and rotor flux space vector magnitude σ Ψ estimation, determined according to equation (6) in strictly defined time intervals, are put together in the Table 3 . 
Conclusions
The conducted simulation studies confirm the usefulness of the presented methodology in an estimation process of the IM considered state variables, in the analysed operating range of the motor. During electromechanical transients, the instantaneous relative errors of the IM angular velocity and rotor flux space vector magnitude estimation do not exceed 10% and 5% respectively. Errors at this level are only observed during initial iterations of the considered estimation algorithms, after new transient states have occurred. The root mean 
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  When transients have damped down, the instantaneous relative errors of the angular velocity estimation approaches zero, whereas in the case of the rotor flux space vector magnitude reconstruction, this error remains at the level of tenths of a percent. During steady-states, the root mean squared errors of both the IM angular velocity and rotor flux space vector magnitude estimation can be considered as negligible.
The advantage of the presented estimators is the simple operation algorithm based on the IM inductance frequency characteristic and the algebraic expressions resulting from the machine SML-EC. Thus an estimation process is performed without integration of motor specified state variables like in the case of MRAS-type estimators. In view of the above, instantaneous values of considered state variables' estimation errors, introduced by the proposed algorithms, are strictly dependent on the required dynamics of an IM drive and will be the higher, the greater intensity of supply voltage parameters' changes is demanded. Another advantage of the proposed estimation algorithms is the lack of necessity to reconstruct on-line the variability of rotor electromagnetic parameters, since this variability is reproduced, in the motor considered operating range, by the IM inductance frequency characteristic, based on which the estimators' mathematical models have been elaborated.
